Probabilistic Graphical Models

Lectures 18

Kalman Filters



Remember: Temporal Models
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Remember: Temporal Models
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Remember: Transition and Observation
Models

(No input)

P(X | X _,)  Transition Model @ °
PO, [X) Observation Model



Inference: State Estimation
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Given 01’02, . Ot what is Xt?

P(X,10, 0, ..., 0) =7




Inference: Prediction

g G R e e

Given 01 02, ) Ot_1
P(Xt | 01’02, Ot-l) =N

what is Xt?



Inference Problems

pred(X) =P(X |0, O,, ..., O _,) Prediction
corr(X) =P(X |0, 0,, .., 0) Correction (update)
1. Variable Elimination

2. Recursive Bayesian Filtering

-+ = pred(X) = corr(X) — pred(X ,,) = corr(X_ ) — -



Recursive Bayesian Filtering

pred(Xt) — Z P(Xt | Xt—l) COI'I'(Xt_]_)
Xi_1

P(O; | X;) pred(X;)

corn( X, ) = > x, P(O¢ | X¢) pred(X¢)




Recursive Bayesian Filtering

pred(Xt) — /P(Xt | Xt—l) COIT(Xt_l) dxt_]_

~ P(O: | X¢) pred(X)
~ [ P(O¢ | X) pred(Xe) dX

corr(X¢)



Kalman Filter

e Linear Transition and Observation Models
o X=AX  +e¢, O =BX +e¢

e Additive Gaussian Noise
o e ~N(0,X), € ~N(0,2)

PX |X ,)=P_(X-AX )=Normal(X-AX ;0,X)

t-1’

PO |X)=P_ (0 -BX)=Normal(O-BX;O0,2X)
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Remember: Gaussian Distribution

p(x) can be represented with p, o
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Remember' Multivariate Gaussian

p(x) can be represented with y, ¥
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Kalman Filters

ig(xt) !

Gaussian Gaussian

/ /
P(X¢ | X¢—1) corr(Xe—1) dX¢—1

Gaussian

Gaussian /GaUSSian
corr(X¢) = P(O¢ | X¢) pred(X¢)
YT TR0 X) pred(Xe) dX.
CEVENIER
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Kalman Filters

pred(X;) = /P(Xt | X¢—1) corr(Xe—1) dX¢—q
W(I'l't ’ E't)

~ P(O: | X¢) pred(X)
~ [ P(O¢ | X) pred(Xe) dX

corr(X¢)
My, . Z,)
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Kalman Filters

Mu,, 2, )
pred(X;) = /P(Xt | X¢—1) corr(Xe—1) dX¢—q
W(ﬂ't ’ E't)

W(u't ,2')
P(Ot ‘ Xt) pred(Xt)

= TP(Or | X¢) pred(X) dX;

corr(X¢)
W(I.lt 4 Et)
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Kalman Filters

NA X, Z) W("t-z Z, )
pred(X;) = /P(Xt | X¢—1) corr(Xe—1) dX¢—1

vu' X
( t t) W(BXt ; Eo) W(u't ) z"t)
P(O; | X;) pred(X;)

= T P(O: | Xy) pred(X;) dX

corr(X¢)
W(I.lt 4 Et)

16



Kalman Filter

pred(X)=P(X,[0,0, .., 0, ) =MX; 1, Z')
corr(X) =P(X,[0,0, .., 0,) =MX,; p, , Z,)

P(X [X ) =Normal(X -AX ;

0,2)=WX;AX_, %)
P(0,/X) = Normal(0,-BX;0,%)=MO,;BX,6ZX )
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Kalman Filters
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Kalman Filters
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Kalman Filters - Prediction Phase

W(Xt’.u’t’z"t) W(Xt;AXt'I'EX) W(Xt-l;ut-l’zt-l)
pred(Xt) — /P(Xt ‘ Xt—l) COI’I‘(Xt_l) dxt_l

p,=Au,,
r T
=X+AZ A
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Kalman Filters - Prediction Phase
Xt =\ Xt_1 + €

p,=Apu,,
r T
=X+AZ A
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Kalman Filters - Correction Phase
MX. ;p, , Z2) MO,;BX, , 2,) MX;w, Z,)

corr(X¢) = P(O¢ | X¢) pred(X;)
Y [ P(Of | X¢) pred(Xe) dXe

— yr pT ' o -]
K=1ZX' B" (£, +B X',B")
H,= Ii't + K (Ot-By't)
=X -KBZX,
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Kalman Filters - Correction Phase
O=BX +¢
t t 0

— Y’ RT r pTy-1
K=2 BT (X +B X' B')
p=u', + K (O-Bp,)
=X -KBX = (I-KB)ZX,
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Example - 1D case, no velocity
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Kalman Filter - Limitations

1. What if the Transition and/or Observation Models are
nhot linear?
- X =AX  +e - X =fX_)+e
- 0.=BX ,+¢ - 0, =gX)+e¢
2. What if the noise is not Additive?
o Xt — f(Xt-l' EX)

© Ot = g(Xt’ EO)

PAS



Solution 1: Linearization

Solb\‘l".OH :L‘ ].\\n <SAr\ caTi
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£(x) near u
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Extended Kalman Filter (EKF)




Extended Kalman Filter (EKF)

Y 'hom




Kalman Filters - Prediction Phase

X =f(X_)+e

w=1(x,,)
2, =x+] Z ]fT
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Kalman Filters - Correction Phase

0, =g(X)+e

K=12" ]gT E,+], ¥, ]gT)-f
p=pup. + K (0,-g(1'.))
=X,-KJ] 2 = (1-K])Z
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Unscented Kalman Filter (UKF)

sigma points \.e
covariance
o]
(o]

o
|

y=|f(/\’)

weighted sample mean
and covariance

G‘/ transformed
> sigma points

UT covariance

\Wan et al. "The unscented Kalman filter for nonlinear estimation." 2000.
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Particle Filter

e What if the transition and/or observation models are far from
parametric?
e What if the noise model is far from Gaussian?

=> Represent the (distribution of the) state with a set of particles.
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Particle
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http://www.youtube.com/watch?v=ZyVWLw0dPN0
https://www.youtube.com/watch?v=ZyVWLw0dPN0

article
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